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The decomposition of permutations as used in the control algorithm 
for a class of rearrangeable switching networks is proved. Enumera- 
tion studies on permutations related to the network are presented. 
Theorems for constructing a set of traffic patterns for diagnostic pur- 
poses are also given. Finally, a procedure for detecting and locating 
faulty switching elements in the network is described. 

I. INTRODUCTION 

This part of the paper will cover some of the theoretical considera- 
tions related to the rearrangeable switching networks discussed in 
Part I. For the general {N X N) network with base-r/ structure, it is 
shown that it can indeed accommodate any of the N\ connection 
patterns. A thorough study is then made of the (N X N) network 
having a base-2 structure. Tt was pointed out in Part I that the 
setting of the /^-element is, in general, not unique for an arbitrary 
input-output permutation. Furthermore, the number of /^-elements for 
an (AT X N) network exceeds (logs (ATI)), for A r > 4. Some enumera- 
tion studies are given to account for this. Finally, fault diagnostic 
studies are given in relation to the base-2 network. A method to con- 
struct a set of permutations useful for testing the network is developed. 
This is then followed by discussing a procedure to detect and/or locate 
faulty /^-elements in the network. 

II. PERMUTATION PROPERTY OF THE NETWORK 

In this section it will be shown that the decomposition of the given 
permutation into reducible connection sets (as used in the control 
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algorithm) is always possible. From Section 3.2.1 of Part I, it is evi- 
dent that the decomposition is equivalent to the selection of d sets of 
output integers, Tr(Xi), one from each Si, such that all the output 
integers in any of the d sets have distinct characteristics, where S, , 
as previously defined, is 

St = (*(&,) I x< G J (I, d)\ 1^1^ N/d; 

and there are d elements in each S t . 

To show that this selection and, therefore, the decomposition can 
always be done, P. Hall's Theorem 1 on Distinct Representatives is 
used and is stated as follows: 

P. Hall's Theorem: Let L be a finite set of indices L = {1,2, • • • n}. 
For each I £ L, let T t be a subset of a set T. A necessary and sufficient 
condition for the existence of distinct representatives t t , I = 1, 2, ■ • • , n, 
ti £ Ti , ti t* tj when i 9^ j, is that for every k = 1,2, ■ • • , n and every 
choice of k distinct indices Z, , l 2 , • • • , l k , the subsets T lx , T lt , ■ • • , T lk 
contain between them at least k distinct elements. 

This theorem can be used directly if a mapping <f> is defined on the 
sets Si as follows: 



Si = W(x<)} Ar, = {t} 1 ^ I £N/d, 



where 



t = 



T tt^,) + d - 1 > 



This simply means that each integer in S, is replaced by its charac- 
teristic t, with Ti having exactly the same number of elements as S t . 
Thus, the selection of d sets of ir(ffj), one from each Si , such that the 
integers in each of the d sets have distinct characteristics, is equiva- 
lent to the selection of d sets of N/d distinct representatives, one from 
each Ti , such that in each of the d sets U ¥= tj for i =^ ;'. 

By Hall's theorem, it is sufficient to show that for every k = 1,2, • • • , 
N/d and choice of k distinct indices h ,h , • • • ,h } the sets T tl ,T, a , • • • , 
T, t contain between them at least k distinct elements. But this is 
clearly the case here, since each set S t , and, therefore, each set T t , 
contains exactly (d — j) elements after j sets have been so selected. 
^ j ' Sj d — 1. Thus, there are k(d — j) elements in the sets T tl , 
Ti, , • • • , T lk , of which at most (d — j) elements are identical (derived 
from the fact that there are at most (d — j) output integers belonging 



* [2] is the integral value of 2. 
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to the same integer set after j sets have been so selected). Therefore, 
there are at least k distinct elements. The index ; is introduced to show 
that the selection of d sets of t(x,) can be made on a sequential basis. 



III. SOME RESULTS ON ENUMERATIONS 

For the remaining sections, the discussion will be restricted to the 
(N X N) network with base-2 structure. Some definitions (in addition 
to those in Part I) relevant to the enumeration study as well as the 
network diagnosis are given first. 

3.1 Definitions 

(i) For any given connection set C, C C P, having input-output 
pairs (the outputs are denoted as y t instead of ir(x,-) to simplify the 
notations) , 

i 

1 ^ m ^ N, 



Xl Xn 



U/i Va ' • • 2/« 

there exists an inverse of C, denoted by C' 1 , which is a connection set 

Vi V2 ■•■ y 

(ii) For any two connection sets C, and C, that have the same set 
of input (Xi) and output (y { ) integers, the product CiCj 1 and its cycle 
can be defined in the standard manner, similar to that usually as- 
sociated with permutations." 

(Hi) A loop is a connection set where, for any 

EL. 

The number of these input-output pairs in L is called the order of L, 
which is necessarily even. Moreover, all loops are distinct, i.e., any 
two loops do not have any common input-output pair. 

(iv) A proper loop is a loop in which the input-output pairs are 
arranged so that botli x and x and y and y are adjacent in a circular 
sense, e.g., 



x { 


EL, 


r -\ 

Xj = Xi 


and 


x k 


y, 




. Vi . 




ijk = y>. 



L = 



.2/i = 2/o 



x 2 = x, 

2/2 



2/3 = 2/2 



X\ — X 3 X 5 Xa — #s 

2/4 2/s = & 2/6 
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This can always be done, and smy loop is considered to be a proper 
loop, unless otherwise specified. Any permutation P on N integers 
can be written as 

P = (L 1 ,L 2 , ■■■ ,L m ) 

and is said to have m loops, 1 ^ m ^ N/2. 

(v) A loop L, of order 2k, is said to be decomposed into two inde- 
pendent connection sets C\ and C 2 , C t , C 2 Q L, if for any pair (*;. J £ C\ , 

ec 2 . 



Xj = £ t 


and 


x k 


. Vi . 




M = #,. 



(vi) The derived sets Qi and Q 2 (obtained from independent con- 
nection sets Ci and C 2 respectively by replacing every integer by its 
characteristic) are denoted by (Q t , Q 2 ). If Ci and C 2 are reducible, 
Qi and Q 2 are permutations Pi and P 2 respectively, and they are referred 
to as derived permutations. 

3.2 Enumeration of Permutations by Loops 

In terms of the definitions just given, the looping procedure for the 
control of the (N X N) network, described in Section 4.2 of Part I, is 
equivalent to arranging the given permutation having m loops into 
the form 

P = (Li,L 2i ■■■ ,L m ) 1 ^ m ^ N/2, 

and decomposing it to two reducible connection sets Ci and C 2 by 
grouping the alternate input^output pairs from each loop into Ci and 
the remaining into C- 2 . Since the decomposition is not unique if m > 1, 
it is readily seen that for any permutation with m loops, there are 
2" 1-1 possible ways of decomposition. This leads naturally to the ques- 
tion of how many of the iV! permutations have m loops, 1 < m < N/2. 

The following lemmas and theorems will establish a natural relation 
between cycles and loops. The enumeration of permutations with m 
loops (1 £a m JS N/2) can be expressed in terms of that of cycles, 
which have been well studied. 3 

Lemma 1: The derived sets (Qi , Q 2 ) of a loop L of order 2k have the 
same set of integers x { and y, , and the product QiQ^ 1 has one cycle of 
length k. 

Proof: Indeed, by definition (v), for every input (or output) integer 
in Ci , its dual is in C 2 ; and since they have the same characteristic, 
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Qi and Q 2 have the same set of input (or output) integers. Further- 
more, since L is a loop, C, and C 2 are of the following form 



Cx = 



X\ X 2 

\A Pi 



fk-ll 



C, = 



Xi 3Co 



y\ y* 



vl 



where \{x\ + l)/2] = [(# + l)/2] = z, . Thus, Q x and Q 2 are of the 

form 



Qx = 

and, clearly, 



X\ X2 



Vk-i 



QiQV = 

and has one cycle of length k. 



, Q2 - 


a?! 


x 2 • 


• x h 




.yi 2/2 • 


■ Vk. 


1 x 2 


z* 






k Zl • • • 


a*-i 







Q.E.D. 



Corollary 1.1: There are g 2 *' 1 /oops ttaf owe identical derived sets 
(Qi , Qi). 

This is clear from the fact that there are 2fc integers (input and out- 
put) in Q, , and for each (Q, , Q-.) , there are 2 2k possible pairs d and 
C 2 • For any given pair Ci and C-> , the pair C 2 and C, reduces to the 
same (Q, , Q 2 ) ; therefore, 2 2 * is divided by two. 

From definition (tv), any P with m loops can be written as 

P = (Lt , L 2 , • ■ , L m ), 

where L, , L 2 , • • • , L m are disjoint loops. Applying Lemma 1 repeatedly 
on L, , the following important theorem that establishes the relation 
between loops and cycles is obtained. 

Theorem 2: The product P,P 2 \ where P Y and P 2 are obtained by grouping 
one Q from each L, has m cycles if and only if P has m loops 
(1 g m ^ N/2). As defined in Section 8.1, P, and P 2 thus obtained 
are the derived permutations. 

Corollary 2.1: There are 2 s -'" permutations, having m loops, that 
will give the same derived permutations (P^ , P- 2 )- 

This is proved by repeatedly using Corollary 1.1, and it leads to 
another enumeration on the number of permutations P that have m 

loops. 
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Lemma 3: Define R to be the set of all the derived permutations (Pi , P 3 ) 

which have the same product PjPj" 1 . Then there are (N/2)! (Pi , P 2 ) in R. 

This is true because both Pt and P 2 are permutations on N/2 integers. 

Let C(n, m) denote the number of permutations on n integers that 
have m cycles. Then there are C(N/2, m) distinct products PiPj 1 
that have m cycles. As a direct consequence of Corollary 2.1 and Lemma 
3, the following theorem is established. 

Theorem 4- There are exactly 2 N ~ m (N/2)! C(N/2, m) permutations 
P which have m loops. 

Thus, the enumeration of permutations by loops is related, in a 
simple manner, to the enumeration of permutations by cycles. The 
latter problem has been well studied, 5 and the enumeration is gen- 
erally expressed in terms of the Stirling numbers 4 of the first kind, 
s(n, m) , as follows: 

C(n,m) = (~l) n+m s(n,m), 

where s(n, m) can be evaluated from the following generating 
function 

2 s(n, m)t m <m t(t - 1) • • • (t - n + 1) 

m-0 

and ( — 1) M+W, s(w, m) is always positive. For the interesting case m = 1, 
the number of permutations with one loop is 

(N/2)\(N/2 - 1)!2" _1 . 

3.3 An Example 

This enumeration is illustrated with the case N = 8. If the number 
of permutations P that have m loops is denoted by D (N, m) , Table I 



Table I — The Number of Permutations D(N, m) That Have m 

Loops 



m 


C(4, m) 


D(8, m) 


1 
2 
3 
4 


6 
11 

6 
1 


2'. 4! -6 = 18,432 
26.4M1 = 16,896 
2*.4!-6 = 4,608 
2 4 .4!1 = 384 

Total 8! =40,320 
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accounts for all the permutations. Wherever m > 1, there are more 
than one setting of the /^-elements in the input and output stages that 
will satisfy the same permutation. This applies to all the stages as 
each subnetwork is taken into consideration, and, thus, the total num- 
ber of states provided by all the /^-elements exceeds (logo (#/)>• 

IV. CONSTRUCTION OF TEST PERMUTATIONS 

It has been pointed out above that for any P having m loops, cer- 
tain m ^-elements at the input and output stages can be arbitrarily 
set. To detect faulty /^-elements, one must find a class of input-output 
permutations, or test permutations which are realized by a unique 
setting of the /3-elements. The property of such a permutation is that 
it and all its derived permutations, at every level of the network, 
have exactly one loop. To show that they do exist and can be gen- 
erated, one proceeds as follows: 

Lemma 5: If a loop L is given, then any loop U formed from L by 
taking the dual of one or more of the integer pairs (input or output) 
in L will give the same derived sets (Q x , Q>), (Q<> , Qi) being con- 
sidered the same as (Q 1 , Q 2 ) for the remaining discussion. 

This is obvious from the fact that the characteristic of an integer is 
not changed by taking its dual. 

Theorem 6: Let L and L' be two loops having the same (Q x , Q?). 
Then the product L(L')~ X has one cycle if and only if U is obtained 
from L by replacing every integer except one integer pair (input or 
output) in L by its dual. 

Proof: That L and L' do have the same (Q, , Q 2 ) is a direct consequence 
of Lemma 5. Moreover, the loops L and L' have the same set of z t 
and yi , since x { , x { , y { , #. are all in L. Thus the product L(L') ' is 
denned. Now, let L of order 2k be written as follows: 



L = 

and 

U = 



Xi x 2 x 2 • • " %k x k #i 
il/i 0i 2/2 • • • 0*-i Vk Vk 



Xi X 2 X 2 • • • Xk Xk ^! 

[ft Vi $2 ••• Vk-i Vk ftJ 
where, without loss of generality, the only unchanged pair is y k and $ k , 
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since the ordering of subscripts is immaterial. The transformation from 
L to V can be expressed in terms of the input-output pairs, namely, 
[J;] is replaced by [j|] and [ d 'tJ by („?!.,] except [J;J is replaced by (*JJ 
and [SlJ by [f*J. The input-output pair for L(L')' 1 will be, in general, 
(£,] for 1 ^ i < & and [,*!,] for 1 < j g fc with the exception of fjj] 
and (j)]. Therefore, 

L(L')" 1 = CMa ■ • • ^*aj* • • • »i), 

where the product written in the familiar cycle form has one cycle of 
length 2k. 

To show the converse, it is sufficient to show that the loop L', ob- 
tained by either taking the dual of every integer in L or taking the 
dual of every integer except two or more integer pairs, will not satisfy 
the second property. Referring to the above, it is seen that if every 
integer is replaced by its dual, then the product 

L(L')~ l = CMj • • • i. k ){x k Xk-i. • • • Xx) 

has two cycles, each of length k. 

If there are more than two integer-pairs unchanged, one can always 
write 



V = 



where the first other unchanged integer pair is y, and #,• , j < k. Then, 
by the same argument given above, the product L(L')~ l has at least 
one cycle of length 2j, namely, 

OMa • • • AiXfXi-i •■■ Xt) 2j < 2k. Q.E.D. 

Corollary 6:1 : If L is a loop of order k, k i? 4, there are k such loops 
U where L and If give identical derived sets (Q\ , Qo) and L(U)~ X 
has one cycle. 

This is obvious since there are k/2 input integer pairs and fc/2 out- 
put integer pairs. The case k = 2 is a degenerate one, since taking the 
dual of the input pair only yields the same loop as the one obtained by 
taking the dual of the output pair only. Hence, only one U is possible. 

By repeatedly using the above theorem, one can show the following. 

Theorem 7: If P = (L x , L 2 , " • , L,„) and its derived permutations 
are (Pj , P 2 ), then another permutation P' will have the same derived 
permutations and P(P')~ X will have m cycles if and only if P* is ob- 



x t 


x % 


x 2 • 


• *i 


Xj+i 


■ ■ A 


x k 


Ai 


Pi 


>Jl 


& • 


■ Hi 


y, ■ 


• ■ Vk-i 


Vk 


& 
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tained by taking the dual of every integer except one integer pair 
(input or output) in each L t , 1 tzi = m, in P. 

Corollary 7.1: There are k x k 2 • • • k m ways of deriving P' such that 
P and F give identical derived permutations (P^ , P- 2 ) and P(F)' 1 
has m cycles, where k, is the order of U and k, ^ 4- // h = * for some 
L t , it will be taken as unity. 

The following example illustrates what has been discussed. P has 
two loops, and the derived permutations (P 2 , P 2 ) have the property 
that PiPa 1 has two cycles. 

_ /l 2 3 4 5 6 7 8 9 10 11 




3 12 2 10 4 6 

15 6 8 7 11 12 2 3 9 10 4 
8 7 11 12 3 4 6 5 1 2 10 9 



a loop a loop 

The decomposition of P yields: 

P, = l l 3 4 6 2 5 ) ; P, - t% 4 6 * " ' 



v 4 6 2 3 1 5/ \4 6 2 3 1 5, 

and PiP; 1 = (1 3 4 6) (2 5) has two cycles. P', which gives the same 
pair (Pi , P a ), is obtained from P, and one of the 32 possibilities is 

'2 6 5 7 8 12 11 1 4 10 9 Z\ 



P' = 

J 8 12 11 4 3 6 5 1 2 9 10, 

(The underlined integers are the unchanged ones in each loop.) 
Furthermore, P(P)- 1 = (1 6 7 12 11 8 5 2) (3 4 9 10). 

The permutations for which m = 1 can be used in the generation 
of the test permutations. This is achieved, for any N, by starting with 
any permutation on 4 integers that has one loop and applying Theorem 
7 repeatedly in an iterative manner. One can show that there are 

o(2iV-3+(loK, Y(log, AT-3))/2) 

such test permutations by repeatedly using Corollary 2.1 and Corollary 
7.1, with m = 1. The construction of one of these, based on Theorem 7, 
is illustrated as follows. 
In order to clarify the following discussion, test permutations on N 
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integers and their derived permutations are denoted as T(N) and 
(TtiN/2), T 2 (N/2)) respectively. If it is desired to construct a T(16), 
then the first step is to select a 7\(4) and generate T 2 (4) such that 
2\(4) (T 2 (4))- 1 has one cycle. There are 16 T(4) that have one loop; 
one of these is 

m-' 1 ' ; ' 



.14 2 3/ 

7 1 2 (4) is obtained by taking the dual of every element except one 
integer pair (by Theorem 7). One of the four choices is 




Any permutation that decomposes into 7 T 1 (4) and T 2 {4:) can be used 
for Tj(8) ; one of the 128 possible permutations (by Corollary 2.1) is 

m m /I 2 3 4 5 6 7 8\ 

\1 3 8 5 4 7 6 2/ 
where the connection set corresponding to 7 T i(4) is taken as 

"l 3 5 7J _ 

.18 4 6. 
There are eight choices for T 2 (8), and one of these is 

r>(8) /l 2 3 4 5 6 7 8\ 

\2 4 6 7 8 3 1 5/ 

Similarly, one of the possible T(16)'s is 

T(l&) = ( l 2 3 4 5 6 6 8 9 10 U 12 13 14 15 16 \- 
\l 4 5 8 12 16 13 10 15 7 6 14 2 11 9 3/ 

It will now be shown that a permutation that is realized by com- 
plementing every setting of the /^-elements that realizes T(N) except 
the one corresponding to inputs 1 and 2 (see network structure) is 
also a test permutation, T C (N), and that it can be generated parallel 
to T(N). These two permutations are used for fault detection in a 
manner to be described later. 

Theorem 8 : Let T t (N) be a test permutation that has (7\ (N/2) , T 2 {N/2) ) 
as the derived permutations. And ij there exist two other test permutations 
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T\(N/2) mul T 2 {N/2) such that the product T{(N /2)(T C 2 (N /2))' 1 has 
one cycle, then one can construct a test permutation which will have 
(T[(N/2), T\(N/2)) as the derived permutations. 

Proof: Let 2\(iV) be decomposed into two reducible connection sets, 
Ci and C 2 , where C, can be written as 



C, = 



— 1 X 2 " " " %N/2 



{x x = 1 is arbitrarily denned by the network structure). 

The connection set C\ is formed by replacing each input and output 
integer 2 E T\(N/2), except % x = 1, by x (or y) that has the characteristic 
z and has its dual x = x, , , for some i, belonging to d , 1 < i ^ N/2 
(or •Q =s y t G Ci , 1 ^ i ^ JV/2). Clearly, this can always be done because 
every 2 G T\(N /2) has two integers with 2 as their characteristic, and 
only one of them is in d . Similarly, a connection set C\ can be formed 
from T\{N/2), based on C 2 . The permutation, obtained simply by 
combining C\ and C\ , has the derived permutations (T[(N/2), T c 2 (N/2)), 
and it has only one loop. Furthermore, it results in the complementary 
setting of /3-elements by the looping algorithm, since any integer in C\ 
is the dual of some integer in C, . Q.E.D. 

Theorem 9: One can construct a test permutation T C 2 (N) from Tl(N) 
in the same way as T 2 (N) is obtained from T X (N) as given in Theorem 7, 
and the product has also one cycle. 

Proof: Let T 2 (N) be obtained from T X (N) by taking the dual of 
every integer except one pair, say, (x, , x ,). The permutation, obtained 
from T^N) by taking the dual of every integer pair except the same 
pair (x { , i t ), is indeed a test permutation by Theorem 7. Using the 
same argument as in Theorem 8, it is easily seen that the setting of 
/3-element to realize this permutation is complementary to that for 
T 2 (N). Hence it is 7^(A0. Q.E.D. 

Since the permutations 7\(2) and T 2 {2), and the corresponding 
T\{2) and T\{2), can always be constructed, one can, by induction 
on AT, construct the two test permutations T(N) and T C (N) for arbitrary 
value of N. One can, in fact, generalize Theorems 8 and 9 to establish 
arbitrary relations between two permutations in the /3-element settings 
in addition to T(N) and T (N) for which the settings are complementary. 

The construction procedure for T(N) is illustrated by determining 
the r c (16) as related to T(16) given in the previous example. In that 
example, C x = [\ fl and C 2 = ft »]. Also 7\(2) = (\ I) and T 2 (2) = ( 2 \); 
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therefore, T\{2) = (I ?) and T' a (2) = (\l). All elements except input 1 
in C\ must have their dual in C, ; also T\{2) and T c 2 (2) must be satisfied; 
therefore, 



C\ = 



1 3 
.4 2J 



and CI = 



and 



Tl(4) = 



1 2 3 4\ 

\4 1 2 3/ 

Keeping the input integer pair (1,2) unchanged, one has 

r«4) = I 1 2 3 4 Y 

\3 2 4 1/ 

Repeating the procedure, one obtains 

'12 3 4 





1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16\ 
13 16 10 12 8 1 4 5 15 7 6 14 2 11 9 3/ 

V. INVERSE CONNECTING EQUATIONS FOR BASE-2 STRUCTURE 

The looping procedure for setting the /?-elements to realize a given P 
is described in Part I. The inverse problem of defining P from the 
states of the /^-elements is also of some interest. If P can be derived 
from the /^-element setting, then it is not necessary to store the con- 
nections in another memory. Also the inverse connecting equations 
are used in the location of faulty ^-elements. 

In the control algorithm for the base-2 structure, the states of 
the ^-elements are derived in an iterative manner from the outside 
(first) level to the center (log 2 N) tb level. Therefore, to obtain the 
inverse connecting equations, the states of /^-elements in the center 
stage are considered first. 

The ^-elements in the network are numbered (see Fig. 1) such that 
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OUTPUT 

I 



flTH STAGE 2NDSTAGE 1ST STAGE 2NDSJAGE 



nTH STAGE 




Fig. 1— The numbering of /3-elements in an (N X N) network. 

the defining equations for each input-output pair appear in a simple 
form. m and v m are the input and output /^-elements respectively. 
They are located in the jth stage (counting from the center stage) , 
the fcth (2> X 2>) network, and the Zth position at the input (or out- 
put) stage. The center stage is considered as the first output stage, 
and the /^-elements are denoted by rm • They are defined as '0' or '1' 
when set to straight-through state or crossover state, respectively. 

The code for the input and output integers is the same as given in 
Section 4.1 of Part I. For any input integer x { (or output integer yd, 
the normal binary representation is its coded form, having a code 
length of n = log 2 iV. And it is expressed as follows: 

Xi = XixXa • • ■ x in . 

The inputs to the center stage are designated by a, a = 1, 2, • • • , N, 
as shown in Fig. 1, and the input-output pairs are ordered according 
to a. For each input-output pair fo], the code words for x a = 
x al x a2 ■ ■ ■ x an and y a = y ai y a 2 "• Van can be calculated from the 
following inverse connecting equations: 

x al - (<* + 1) mod 2, 



p mod2> 
X aj = Hikl. 



1 < j ^ n; 



z l = z and z° ■ z, the complement of z, and z = or 1. 
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and 

_ a mod 2 
Vol — *'l((« + l)/2]l > 

P mod 2 i ^ ' -» 

Va = v m „ I < J ^ n; 



(1) 



where 



P = 



[^q, *-m 



and l z and Z„ are the integers represented in the coded form by 
x a \X a2 •■■ £«(,--» and y aX y„2 ••• Vbu-d respectively. The equations 
for x ai (or y ai ), 1 < j ^ n, can be obtained in a recursive manner 
from the following Boolean equations: 
If a and ; are such that p is even, 

X a i = \Xa\Xa2 ' " ' %a (,-l))Mj*l H~ fcl^o2 ' ' ' #a(;-l))Mi*2 "T" * ' ' 

I \X a \X a2 ' ' ' X (,_ 1 ))/i,A( 2 i-') . 

And, if p is odd, 

X a j = {XalXa2 ' ' ' ^a(i-l))Mj*l I {X a iX a2 ' ' ' #a(f-l))jB/M T ' * ' 

T" \X a \X a 2 ' ' X a (i-i))iZiic(.2'-') • 

The following example of the (8 X 8) network shown in Fig. 2 
illustrates the inverse procedure. For each a = 1, 2, • • • , 8, the coded 
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Fig. 2— /3-element setting for P = (J^j£^J). 
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inputs and outputs are calculated. If a = 5, then 
x n = (5 + 1) mod 2 = 0; 

3 mod 2 — H • 

#52 — M2K3 + D/2H — M221 ~ ", 

and 

2 mod 2 _ 1 

£53 — M3K2 + D/211 — M311 ~~ *-• 
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Also 



and 



5 mod 2 1 . 

f/51 — *'ll(5+l)/2)l — ^131 — l , 

3 mod 2 1 . 

</52 — ^21 (3 + 1 )/2]2 — ^222 *■ J 

2 mod 2 _ -I 

2/53 — "3[(2 + l)/2]4 — ^314 — *■• 



Therefore, the input-output pair 



The remaining 



r 5 l 
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001] 
ill. 
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7^ 



.y«. 



(a = 1,2,3,4,6,7,8) 



are determined in the same manner, and they are: 



x 

U/iJ 



000 
001J 



x 2 

12/2 J 



111 

1110J 



LJ/3J 



i/6. 



110 
010 



12/7 J 



Then the input-output permutation is 
'0 1 2 3 4 
i 7 4 3 



P = 



5 6 
5 2 



010 




'•4 





100 


100, 
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Vt 




011. 


; and 
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■\ 
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y* 




.101. 



VI. DIAGNOSIS OF FAULTY /3-ELEMENTS 

The physical design of the /3-element is the major factor in deter- 
mining the method of detecting and locating the faulty elements in the 
network. For example, the detection of a faulty ^-element which 
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either opens or shorts to ground is trivial. If one has access to the 
actual state of each y3-element, then the location of faulty elements is 
also trivial. In this paper it is assumed that the individual /^-element 
is not accessible, and it is considered to fail when it remains in one of 
the two states. 

6.1 Detection 

By using the test permutations T(N) and T C (N), each /^-element 
is checked for the two possible states. Failure in any number of 
/3-elements will be detected by the fact that either T(N) or T C (N) or 
both will not be realized. It is to be noted that any permutation having 
more than one loop cannot be used because the setting of some two or 
more /^-elements is arbitrary, and, therefore, failure of these elements 
in certain states may not be detected. 

6.2 Location 

With any test permutation T(N), failure of one /3-element will result 
in a permutation different from T(N) by only two input-output pairs, 
that is, the input-output pairs [*{] and [*{] become [*j] and [*JJ for 
some i and ;. The inverse connecting algorithm discussed in Section V 
can be used to locate the particular (or the faulty) /3-element common 
to (*;' J and [_l'. J with their associated a's which are stored in the memory. 

The following example illustrates this procedure. If the test permuta- 
tion for an (8 X 8) network is 



7X8) = 



'0 1 2 3 4 5 6 7 
,02743651 



then, using the same coding scheme as in Section V, the setting of the 
/^-elements for it is shown in Fig. 3. Also, the a's corresponding to each 
input-output pair are calculated by using the inversing connecting 
equations, and they are given as follows: a^ , «;> , 03 , c*4 ,«s a& , a 7 , and 
and a s correspond to input-output pairs 





v0, 
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J 


A 



, and 



respectively. 



Assume that /J-element v>v> is faulty, and it is fixed in the crossover 
position. Then the actual permutation realized is 



P = 



1 2 3 4 5 6 7\ 

\0 2 5 4 3 6 7 1/ ' 

and the incorrect pairs of T(8) are [?J and [5] or in coded form [JJJ] 
and [}J?J. The a's for these pairs are 3 and 2 respectively. By using 
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Fig. 3— 0-element setting for T(8) = Q™££). 

the inverse connecting equations (1), the /3-elements through which 
[7] and [5] are connected are found to be n 3l2 , M211 > ^121 , ^212 , and v 3li , 
and M212 , phi , "212 , and *„ respectively. It is seen that /3-element 
1/212 is common to both input-output pairs; therefore, it is the faulty 
/3-element. 

If two /3-elements are faulty, there are either three or four pairs in 
T(N) not realized. If four input-output pairs are wrong, the locations 
of faulty elements can be determined in the same manner as described 
above. Three pairs are incorrect when one particular [*{] is connected 
through both of the faulty elements. For this case, it is necessary to 
change T(N) so that one of the faulty elements is in the proper state, 
and then the other one can be located. This is achieved by having 
2 log 2 N - 1 test permutations with each one constructed (using a 
generalized form of Theorems 8 and 9) to complement different stages 
of input or output /3-elements, one stage at a time. The same procedure 
as above is used to locate the faulty /3-element. 

If the faulty /3-elements are restricted to one stage of the network, 
then this stage can be located in a manner similar to the above. For 
this case, a set of T(N), log 2 N in number, is used to complement the 
/3-elements on each stage (input and output) of the network. The at'a 
corresponding to the incorrect (*j)'s will remain the same until the 
faulty elements are complemented. Therefore, the stage containing 
the faulty /3-elements is determined. 

6.3 Adaptive "Looping" Algorithm 

In the looping algorithm as given in Part I, the derived permuta- 
tions Pi and P 2 are always routed through the upper and lower 
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{N/2 X N/2) networks respectively. This is because in the most 
efficient network structure (see Fig. 1 of Part I) one /3-element in the 
first stage of each subnetwork (i.e., /x ;A1 , 1 < ; ^ log 2 N , 1 ^ fc = N/2 1 ) 
is fixed in the straight-through state. However, by introducing re- 
dundant ^-elements fipei , (as in Fig. 1) one can change (or adapt) the 
control algorithm at certain stages to realize a particular permutation 
if there is one faulty ^-element per subnetwork at each stage. 

VII. CONCLUSION 

Important relationships between the loops of input-output permuta- 
tions and cycles of permutations are established. These properties are 
used to enumerate the input-output permutations in terms of loops 
and to construct special test permutations which require unique 
/^-element settings. Also, inverse connecting equations which define the 
input-output permutation from the states of the ^-elements are 
derived. These ideas are utilized in the diagnosis of faulty /3-elements. 

It is clear that network failure due to any number of faulty elements, 
which may be distributed over many stages, can be easily detected 
by using only a pair of test permutations. If these faulty elements 
are limited to only one stage of the network, this stage can be located 
by employing the inverse equations and a set of test permutations. 
Furthermore, if only one or two elements fail, their exact positions in 
the network can be located by employing a similar procedure. 

If the faulty elements are limited to only one in the first stage of 
each subnetwork, then any input-output permutation can be realized 
correctly by adding a redundant ^-element in the first stage of each 
subnetwork and adapting the looping algorithm at the appropriate 
subnetworks. 

The fact that this type of rearrangeable switching network has some 
attractive diagnostic properties should enhance the possibility of it 
being used in some practical switching systems. 
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